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and (11),
1121 1= 71M12A12
P, (M,A)/(1 + M.6)
= yMA (1 + M.6) (13)

From relations (10) and (13), we have, for the weak inter-
action case,

= =149k +

Pt vy +1) .,
P 1 k (14)

It may be of interest to note that the simplification of
relation (11) with relation (10) will give us a series as
Py’ Yoy + 1,

8

E=1+’Y7C+

(15)
But this series, in relation (15), contains alternatingly nega-
tive and positive terms after the third term  As such, this
procedure may not be good, though the approximation can
easily be made up to the third term

Conclusions

From relations (12) and (14), it can be seen that the pres-
sure distribution in relation (5) is having a very good ap-
proximation of the tangent-wedge pressure distribution
Also, it may be of interest to note that relations similar to
relations (9) and (10) can be derived from relation (2) as
well From the present note and the note in Ref 3, it can
be seen that the pressure distribution of Pai in Ref 1 is well
modified to bring the results very near to the tangent-wedge
approximation
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An Analysis of the Yawing Motion of
a Rocket with a Varying Mass
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Nomenclature

masgs of the rocket as a function of time, slugs

mass of the rocket at ignition, slugs

mass of the rocket at burnout, slugs

constant related to the burning rate of the propellant,
per sec

time, sec

horizontal velocity of the rocket, fps

cross sectional area of the rocket, ft2

thrust 1b

radius of gyration, ft

distance from center of mass to nozzle exit, ft

length of the rocket, ft

aerodynamic drag coefficient

aerodynamic restoring moment coefficient
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atmospheric density slugs/ft3
angle of yaw, rad
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THE angular oscillation about a horizontal flight path,
experienced by a fin-stabilized rocket during the burning
period, is known to have an increasing period and a decreasing
amplitude This behavior is clearly due to the decreasing
moment of inertia as the rocket loses mass and to the increas-
ing magnitude of the restoring moment as the velocity of the
rocket increases The authors have presented a simplified
analysis which demonstrates the yaw behavior in a closed-
form solution

The flight path of the rocket is horizontal, and the aero-
dynamic coefficients are assumed constant Although the
mass is a function of time, it is assumed that the radius of
gyration and the center of mass with respect to the vehicle
remain unchanged The rate at which the propellant is
consumed is constant, and the mass is represented as

m = me(l — ct)
The equation of motion for the center of mass of the rocket
is
mo(1 — et)(dV/dt) + LCppSV2 =T

where the thrust is a constant  This equation, of the Ricatti
type, may be integrated by separation of variables to yield

Ve) = (T/3C0p8)"2[Co + (1 — ct)®]/[Co — (1 — et)®] (1)
where
B = 2(3Cpp8T)*/cmy
Co = [Vo+ (T/3C008)"*)/[Vo — (T/3CppS)!?]

and V, is the horizontal velocity at the time of ignition
The equation deseribing the yaw is derived in Ref 1 and
may be written as

mok?(1 — ct) ¢ + (12 — EDemyg + 1C.0lSV2ie = 0 (2)

where the dot signifies the derivative with respect to time
The angle of yaw is assumed small so that sing « tang » ©
Substituting for the velocity from Eq (1) and dividing by the
leading coefficient gives

et — kN /.
¢+ ) ¢+

leT/CDMQIC2 Co + (1 - Ct)B 2 -0 (3)

A —c) |C—=a—er] ¢~

For small rockets (final mass to initial mass ratios greater
than 809,) the effect of the second term in Eq (8) is small
in the final result; therefore, the coefficient is replaced by a
constant average value 2K defined as

2K = Fle(r® — k2)/k2][(mo + my) /my)
The equation is then rewritten as

¢+ 2Ko + K2[VX)/(1 — ch)le = 0 (4)

where
K% = 1C..plS/mok?
Furthermore, the variable coefficient of ¢ is approximated as
V) /(1 — ct) == V¥ (1 + t/Ty)?
where
/Ty = (1 + AV/Vo)/(1 — Am/m)V? — 1

and where £, is the time of burnout, AV/V, is the fractional
velocity increase during the burning period, and Am/me is
the fractional mass decrease over the same time  Introducing
the approximation into the equation yields

¢+ 2Ko + K2Vo*(1 + ¢/To)?0 = 0
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Fig 1 Yaw angle as a function of time, comparing the
approximate solution with a numerical solution of the
differential equation

Defining a nondimensional time
=14 t/T
reduces the equation to
o" + 2KTyo' + K 2V?Tp2r2p = 0 5)

where the prime denotes differentiation with respect to 7
By letting

olr) = e~KP70(r)
the first derivative in Eq (5) is removed, giving
0" + K2V T, (— K¥K\*V2 + 790 = 0 (6)

For the size of rocket studied, a representative value of
(K/K V)% is (3/V)?, where V, is the initial velocity in feet
per second  Since the smallest value of = is one, the factor
(8/Ve)? may be neglected if the rocket has an appreciable
initial velocity In the numerical computation, the rocket
was given an initial velocity of 600 mph, and hence the
factor (3/Vo)?is neglected In this case, Eq (6) becomes

8" + K\VTyir2e = 0 )
The solution to Eq (7) is given in terms of Bessel Functions:
§ = CrVaJ, yGE\VoThr?) + Dr2YysGKVoTyr?)

where the constants C and D are determined from the initial
conditions The solution for yaw is, therefore,

o) = V2%~ KT [C ] (3K Vo Tyr? +
DY1/4(%K1V0TJ>TZ)] (8)

Assuming an initial velocity such that K;V,T»7% > 10, the
argument of the Bessel Functions becomes large enough to
allow approximation by trigonometric functions For the
rockets studied, the factor K;V,Ty72 ranged from 10—40 for an
initial velocity of 600 mph In this case,

go(t) = ClThUZG—KTbbT COS(%K1V0T@T2 —_ D[) (9)

where C; and D, are determined from the initial conditions
Equation (9) exhibits, in closed form, the property that the
amplitude of the oscillation decreases as the factor 7—1/2
e~ KT and that the frequency increases proportionally to
the nondimensional time

In Fig 1 the approximation given by Eq (9) is compared
to a numerical solution of the original equation for yaw [Eq
(3)] demonstrating that Eq (9) is a satisfactory approxima-
tion for the case studied

Reference

1 Rosser, J B, Newton, R R, and Gross G L, Mathematical
Theory of Rocket Flight (McGraw-Hill Book Co , Inc , New York
1947) p 20

TECHNICAL NOTES 963

Magnetohydrodynamic Hypersonic
Viscous Flow Past a Blunt Body
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In this paper the equations governing the hyper-
sonic flow about a magnetized body are solved nu-
merically The solutions obtained illustrate the
effects of Reynolds number and magnetic param-
eter on the structure of the applied magnetic field
The results show that, for magnetic parameters
larger than a critical value, numerical solutions do
not exist A critical magnetic parameter is con-
sidered to result from an assumption of a given
magnetic field at the shock By increasing the
conductivity, and thereby the induced magnetic
field, the applied field at the shock disappears
This, in turn, viclates the basic assumption of a
finite field at the shock It is concluded that the
applied magnetic field can only be defined at the
body where it is a natural characteristic of the
problem

Introduction

HE mathematical complexity of the problem of hypersonic

flow about a magnetized body is great even if the investi-
gation is restricted to the local similarity solutions For
computational simplification, Bush and Wu investigated the
problem by considering the given magnetic field strength
at the shock wave 1, 2 Bush found that numerical integra-
tion becomes impossible for the inviscid case when the value
of the magnetic parameter exceeds a certain critical value
This paper extends Wu’s study of the viscous case? to a much
wider range of the parameters by using digital computer
techniques Computational difficulties similar to those
found by Bush were encountered This paper will report
some results and at the same time provide a physical inter-
pretation for the nonexistence of numerical solutions for mag-
netic parameters higher than the critical value, which de-
pends upon the value of the viscous Reynolds number

Local-Similarity Solution

The assumptions used here are those used in Ref 2 The
vehicle is assumed to be moving at a speed (Mach >15)
sufficient to cause a significant amount of shock ionization
of the gas behind the detached shock wave In addition,
the fluid is assumed to be incompressible, viscous, and in
steady state The applicable equations are as follows:

vv=20
V X [(V X¥) XV — (n/4mp)(V X H) X H] = »V?¥ XV o
VH =0

v X[V XH - 4rouv X H] 0
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